ABSTRACT With the rapid development of energy-efficient cloud computing technologies, mobile users can share information with each other in different communities. However, due to the ever-increasing population of mobile users and the scale of networks, the energy-efficient delivery of information in mobile social networks (MSNs) becomes a new challenge. Therefore, in this paper, we propose an optimal control theorybased epidemic information spreading scheme for mobile users with energy constraint. First, we divide the social relationships of mobile users into four types based on blood, geography, work, and interest relationship. Second, we develop an analytical model to evaluate the influences of social relationships on the information spreading process in MSNs. Third, we present a control theory-based information spreading scheme to optimize the tradeoff between the consumed energy and delay. Finally, numerical results demonstrate that the presented scheme can save the energy and improve the quality of experience during information spreading for mobile users.
I. INTRODUCTION
Recently, with the advance of energy-efficient cloud computing technologies, various kinds of mobile social networks (MSNs) have emerged, where mobile users can share information (e.g., news, videos, voices, etc) with each other by connecting the cloud computing system through short range wireless technologies [1] - [6] . The MSN can be built with an opportunistic network, such as ad hoc network or delay tolerant network [7] - [9] . Mobile social nodes are sparsely connected without the fixed topology, where mobile users can employ a store-carry-forward mode to spread information [10] - [14] .
There are multiple social relationships in the MSNs, including friends, relatives, classmates and so on. Due to the various relationships, there exist new features during the information spreading among mobile users. For example, mobile users may have a higher will to forward information to relatives than friends. Obviously, with various social relationships, the information spreading becomes more complex and the features of the information spreading are more invisible than before. Therefore, the information spreading process with multiple social relationships needs to be analyzed for optimizing the energy-efficient cloud and MSNs.
During the process of information spreading, it is desired that the information can be delivered by mobile users to the whole network quickly. However, as the resources such as the energy in mobile devices are limited, mobile users hope that the consumed energy during the information spreading could be as low as possible so as to save energy. Therefore, there is a tradeoff between the transmission delay and the consumed energy during the information spreading. Accordingly, the proper transmission rate should be determined to obtain the above tradeoff, with which the optimized information spreading scheme could be designed.
Although many efforts have been made to design the analytical model for wireless networks [15] - [19] , few of them study the effect of social relationships among different mobile users on information spreading, with the result that these studies could not be applied directly into the MSNs. Besides, the existing works are lack of the considerations for energy, where the efficiency to save the limited resource of energy should be discussed. Therefore, it is still a new and open problem to design the information spreading scheme based on social relationship and energy consideration.
In this paper, we propose an optimal control theory based epidemic information spreading scheme for mobile users with energy constraint. Firstly, a novel analytical model is developed to analyze information spreading in MSNs with multiple social relationships. In this model, the social relationships are divided into four types: blood relationship, geographical relationship, work relationship, and interest relationship. Secondly, based on the proposed analytical model, we analyze the transmission rate in the information spreading process to study the effect of mobile user's effort to transmit information. Thirdly, a control theory based scheme is shown to obtain the optimal tradeoff between the transmission rate and the consumed energy. Finally, simulation results prove the efficiency of the proposal where the energy and the quality of experience (QoE) during information spreading can be improved for mobile users.
The contributions of this paper are three-fold:
• Analytical Model. The social relationships among mobile users are divided into four categories including blood relationship, geographical relationship, work relationship and interest relationship. Ordinary differential equations(ODEs) based epidemic information spreading model is designed to evaluate the influences of these four relationships on information spreading.
• Spreading Scheme. Based on the analytical model, an effort degree is introduced to study the state equations of the information spreading in MSNs with energy constraint. The control theory is adopted to optimize the tradeoff between the transmission delay and the consumed energy.
• Real Trace Simulation. With the real trace, numerical simulation results are given. The simulation results show that different social relationship can affect the information spreading with different features. The proposed scheme can save the consumed energy and improve the QoE of mobile users.
The remainder of the paper is organized as follows. The related work is briefly reviewed in Section II. The system model is introduced in section III and the information spreading model is proposed in Section IV. The optimal control theory based information spreading scheme is introduced in Section V. The simulation and numerical results are shown in Section VI. Finally, the conclusion and the future work are given in Section VII.
II. RELATED WORK A. MOBILE SOCIAL NETWORKS
Recently, there have been the increasing interests in studying the MSNs. Chang et al. [20] proposed a novel architecture, which includes three parts: client devices, the wireless access networks, and content servers. Wang et al. [21] presented a cloud-based multicast with feedback mechanism, where the cloud is divided into pre-cloud and inside-cloud. And a feedback mechanism was also introduced to provide a metric for message forwarding. Bulut and Szymanski [22] presented a quality of friendship to make the forwarding decisions. Wu and Wang [23] proposed a routing scheme with internal social features of each node, which includes two unique processes: social feature extraction and multi-path routing. Although the existing works have studied several aspects of MSNs, they have not analyzed the information spreading process in the MSNs.
B. INFORMATION SPREADING
Over the past few years, a number of works have been carried out to study the information spreading in wireless network. Dang and Wu [24] proposed routing protocol for delay-tolerant mobile networks, which is based on a cluster formed by mobile nodes with similar mobility pattern. Taipov et al. [25] presented a discover-predict-deliver data sharing scheme in delay tolerant smartphone networks, where the mobility learning algorithm and the hidden Markov model are employed to provide mobility information of nodes for delivering content. Sammou [26] designed an optimization scheme for routing, which exploited history contact and frequency of visiting different zones of network. Ma and Jamalipour [27] presented a content delivery scheme which is based on cooperative cache for providing caching and cooperative requesting strategies in mobile ad hoc networks. As the above works have not considered the features of multiple social relationships among users, they could not be directly applied in MSNs efficiently.
C. OPTIMAL CONTROL THEORY FOR WIRELESS NETWORKS
The optimal control theory has been widely applied to optimize the performance of wireless networks. Zappone et al. [32] introduced a framework to maximize the energy efficiency, by fractional programming theory with the merging factional programming and sequential optimization. Shu et al. [33] presented a strategy to solve the optimal charge velocity control problem in wireless sensor networks, where the optimal velocity control is identified as a key design objective of mobile wireless charging systems. Zhang et al. [34] introduced the optimal jamming attack that maximizes the liner quadratic gaussian control cost function under the energy constraint and derived the optimal jamming attack schedule with the corresponding cost function. Choi and Kim [35] presented a stochastic optimal control method for the wireless communication networks, where the access point can deliver energy to wireless nodes. Although the above works have made efforts with control theory to optimize the wireless network, how to control the information spreading in MSNs to obtain the minimum transmission delay and energy cost is still not resolved.
III. SYSTEM MODEL
In this section, we present the system model consisting of three parts: social relationships, MSN-based social graph, and mobility model. The system model is shown in Fig. 1 
A. SOCIAL RELATIONSHIPS
In MSNs, the information can be delivered when two users have social relationship with each other. Actually, in real life, there are different social relationships among different users, which may affect the information spreading in the MSNs. Therefore, in this work, we divide the social relationships into four types: blood relationship, geographical relationship, work relationship, and interest relationship. The blood relationship means that two users are relatives while the geographical relationship denotes that two users live nearby, such as fellow-townsman. The work relationship refers to two users working or studying in the same place, such as colleagues and classmates. And the interest relationship means that two users have the same interest, such as fellow chess players. Besides, the priorities of these four types of relationships are denoted by PR B , PR G , PR W , PR I , respectively. We assume that PR B > PR G > PR W > PR I , which means the sequence of information spreading when two users encounter with each other. The above assumption is practical, for example, a node is more willing to forward information to a blood relationship neighbor than to a geographical relationship neighbor. If two nodes have more than two relationships, their relationship is simply considered as that relationship with the highest priority. For instance, if two nodes are not only fellow-townsman but also colleagues, we regard them as fellow-townsman.
B. MSN-BASED SOCIAL GRAPH
An undirected and unweighted graph G(V , E) is employed to denote the social graph on which the MSN is based. The symbol V is the set of nodes in the MSN and E denotes the set of edges in social graph, which means that there is a social relationship at least between two nodes. In this paper, nodes and mobile users have the same meaning.
Let k 1 (k 2 , k 3 and k 4 ) denote the number of the nodes with which a node has the blood relationship (geographical relationship, work relationship and interest relationship). P(k i )(i = 1, 2, 3, 4) denotes the probability that a randomly chosen node has k i corresponding type neighbors. We have.
where N is the number of nodes in the network. N k i is defined as the number of nodes with k i corresponding types neighbors in the MSN. Furthermore, we denote the degree as the number of the neighbors of a node, which can be obtained by
Similarly, let P(k) denote the probability that a randomly chosen node has k neighbors, which can be calculated as follows.
where N k is the number of nodes which have k neighbors.
C. MOBILITY MODEL
In MSNs, as the mobility patterns of nodes are sophisticated, there are some models with high accuracy to capture the mobility patterns. But most of them are too complex to be implemented. Presently, some simple mobility models are used in most of related works, such as [23] - [28] . These simple models typically have an exponentially distributed intermeet time, which has been demonstrated by using real trace in some studies [29] . Therefore, we assume that the meeting times of any two nodes follows a Poisson distribution of parameter λ, where the meeting interval is exponentially distributed. As a result, the probability that two nodes encounter with each other within [t, t + t] becomes as follows.
IV. INFORMATION SPREADING MODEL
In this section, we develop a model to mimic information spreading through ordinary differential equations (ODEs). There are N nodes moving in a region all the time in the MSN, which is denoted as
There is one node having information in the MSN initially and then this node moves randomly in a finite region. When this node encounters its social related nodes which do not have the information, the information can be delivered. Let I (k, t) denote the number of nodes with degree k which do not have information at time t. Similarly, let S(k, t) denote the number of k-degree nodes which have information at time t. N (k, t) is the number of nodes with degree k at time t.
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The fractions of two types of nodes in N (k, t) at time t become
Assume that the probability that a node (e.g., m) without information receives it from node n which is a blood neighbor of node m is p 1 . Similarly, the probability that a node receives information from its geographical neighbor is p 2 , from its work neighbor is p 3 , and from its interest neighbor is p 4 , respectively. Since the priorities of these four types of relationships are
Within the time interval [t, t + t], the variation of i(k, t) is as follows.
where i(k, t + t) is the fraction of k-degree nodes without information at time t + t. P(G, k, t) is the probability that a k-degree node m receives information from others within time t. As mentioned above, only when two nodes encounter, they can have a chance to deliver information. According to (4) , since the intermeeting time between two nodes follows the exponential distribution, the probability that node m does not meet any node within time [t, t + t] becomes
Thus, the probability that node m meets at least one node within time [t, t + t] is
Since it is assumed that the time interval t is very small, the node m only can meet one node at most within time [t, t + t]. Therefore, the probability that node m meets a node (e.g., n) within time [t, t + t] is equal to P mo , which can be obtained by
In addition, since mobile users rarely deliver data to strangers, we assume mobile nodes forward information only to their social related nodes. Namely, there should be at least one social relationship between two ends of the communication. The probability that the node n is the blood neighbor of node m is
Similarly, the probabilities that node n is the geographical, work, interest neighbor are as follows, respectively.
Furthermore, the probability that node n has the information at time t is
where k is the degree of a node and l is the smallest degree in the network. In addition, the probabilities that node m can successfully receive the information from its blood neighbor, geographical neighbor, work neighbor and interest neighbor are
In the MSN, about the k-degree nodes, there are C k compound modes of the four quantities k 1 , k 2 , k 3 , k 4 . The numbers of nodes in the modes are n k
, respectively. Therefore, combining the equations (9)- (14), the probability that node m receives the information within time
where k i is the i-th compound mode and k i x (x = 1, 2, 3, 4) is the value of k x (x = 1, 2, 3, 4) in the i-th compound mode.
Therefore, we can have
From the equation (16), we have
di(k, t) dt
Similarly, given an interval [t, t + t], we have
The equation (18) exhibits the variation of the fraction of the nodes with degree k having information within time
Combining (16) and (18), we can obtain
The ordinary differential equations (ODEs) to model the dynamic information spreading with multiple social relationships in the MSN are shown as follows.
where
= 0, the quantities satisfy the normalization condition, where i(k, t) + s(k, t) = 1.
The number of these two types of nodes in the whole network at time t can be obtained by
V. OPTIMAL CONTROL SCHEME FOR EPIDEMIC INFORMATION SPREADING
In this section, we present a novel epidemic information spreading scheme based on the optimal control theory. Firstly, the state equations of the epidemic information spreading are introduced, and then the optimal control strategy is designed.
A. STATE EQUATIONS OF THE SYSTEM
In reality society, mobile users may hope that the cost on the information spreading could be as low as possible. Nevertheless, the low cost will induce a large delay on spreading information to the whole network. Accordingly, there should be a proper strategy to determine the transmission rate. To reflect the transmission rate, we introduce a degree to show the effort for spreading information, which is denoted as u, 0 ≤ u ≤ 1. If the degree of effort u = 0, the mobile user has no will to deliver information and there is no energy consumed. The mobile user will do his/her best to spread the corresponding information if u = 1, where the energy will be consumed quickly. In the following passages, the transmission rate is equal to the degree of effort to spread information. Therefore, with the degree of effort, the state equations of the information spreading can be obtained bẏ
subject to
where K is the set of degree, s 0 (k) is the fraction of k-degree spreading users in all mobile users at the initial time, i.e.,
is the probability that a k-degree node receives information from others, which is
Mobile users hope to select a proper transmission rate to control the cost and transmission delay. We consider a fixed time window [0, T ] to analyze the optimal transmission rate for mobile users. In time window, mobile users have two objectives: 1) the cost on transmission should be low, 2) the transmission delay should be low. Especially, the second requirement means that the number of spreading users should be large at the end of time window. Therefore, we can denote an objective function:
where ϕ(s(k, T )) and L(s(k, t), u(t)) are the continuously differentiable scalar functions. ϕ(s(k, T )) is called the terminal VOLUME 5, 2017 value item to determine the demand on system at final time.
T 0 L(s(k, t), u(t))dt is the procedure item to show values during the process of epidemic information. L(s(k, t), u(t))
is the Lagrangian function to show the effect of transient state on the system, which should be arbitrary nondecreasing, convex function such that L(0, u(t)) = 0.
In the network, mobile users hope that the number of mobile users that receive information should be as large as possible at the end time, where the transmission delay will be small. Therefore, the terminal value item ϕ(s(k, T )) should show the number of spreading users at the end time. Here, we have
where κ ϕ is an arbitrary nonnegative constant to adjust the proportion of the terminal value item in the objective function. Then, the procedure item T
L(s(k, t), u(t))dt is used to describe the energy consumption process. L(s(k, t), u(t))
should be a nondecreasing function. Thus, it can be obtained by
ε is the energy consumption parameter of mobile users, which is an average value of all mobile users for energy cost. Here quadratic function are used to show the energy cost. Thus, the objective function can be rewritten as
where κ L is an arbitrary nonnegative constant to adjust the proportion of the procedure item in the objective function. Each mobile user has the maximum energy provided to transmit information at each time window [0, T ]. And the transmission rate u(t) has a minimum and a maximum value, which are 0 and 1, respectively. Here, u(t) = 0 means that mobile uses have no will to deliver information. And u(t) = 1 means that mobile users do their bests to deliver information, where energy consumed is large. In addition, the energy used to transmit is constrained. Therefore, the objective function is subject to following two conditions:
where h(u(t)) is the instantaneous consumed energy.
T 0 h(u(t))dt is the total consumed energy of a mobile user during [0, T ]. We select a proper function used for h(u(t)) by
For spreading nodes, it is assumed that the consumed energy during the process of information transmission is much higher than the energy consumed by other activities. Therefore, the spreading users choose u(t) so that the above bound of the consumed energy does not exceed the reserved energy C for time window [0, T ]. In the networks, mobile users control the transmission rate to adjust the consumed energy and the transmission delay. Here, we assume any piecewise continuous function u : [0, T ] → R that satisfies the above two conditions (32) and (33), belongs to the control region denoted by . Once the control u is selected, the system state vector (s(t), i(t)) is specified at all t as a solution to (24) and (25) and the objective function also has a specified value. Thus, the control u is considered as a function of time rather than that of the system states, and the value of J is determined only by the selection of u(t).
The state and control function ((s(t), i(t)), u(t))
is called an admissible pair if : 1) u(t) ∈ , 2) equations in (24) and (25) are satisfied. The function u(t) is called an admissible control. If J (u(t)) ≥ J (u * (t)), for any admissible control u(t), ((s(t), i(t)), u * (t)) is called the optimal solution and u * (t) is called an optimal control of the following optimization problem, where the final number of spreading is large and the consumed energy is small. Namely, we should solve the following problem:
which conforms to state equations (24) and (25) , and the initial condition is
Obviously, this problem is under the following scenario:
1) The terminal time T is fixed.
2) The final state of the system is freedom. To solve the above problem, we have the following theory. Theorem 1: For the objective function denoted in (31) in our system, there is an optimal control u * (t) with min J (u(t)) = J (u * (t)).
Proof: See Appendix 1. Generally, the state equations (24) and (25) can be solved when the function u(t) is known. Thus, it is possible that an exhaustive search approach is adopted to choose the optimal control in . However, is an uncountable and infinite set, where the number of admissible control is infinite. Pontryagin's Minimum Principle [36] is introduced to solve the above problem.
Firstly, we introduce a new state E to make the condition (33) to be analyzed more easily. Namely, we change the functional h(u(t)) to a function of t,
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whereĖ (t) = h(u(t)), E(0)
Therefore, the state equations of the system become
Based on the Pontryagin's Minimum Principle, we create the Hamiltonian function H , which is denoted as
where ρ k (t), ω k (t), and π (t) are costate functions of i, s and E, respectively. The regularity condition and costate equations for the optimal control u * (t) arė
(44)
Theorem 2: The transversality conditions for the optimal control are
Proof: See Appendix 2.
According to the Pontryagin's Minimum Principle, we have the minimum condition, which is obtained by
where s * , i * , E * are the optimal trajectories of system states s(t), i(t), E(t), respectively. Based on condition (45),π (t) = 0. π (t) is a constant. According to (48), it is nonnegative. 1) Firstly, we assume π = G > 0. Define the switch function ψ as follows:
which is a continuous and piecewise continuously differential function of time. According to (46), (47), it has the following final value:
where the negative is from the facts
By the introduction of a switch function ψ, with π = G, the Hamiltonian function in (39) can be rewritten as
According to Pontryagin's Minimum Principle in (50), we have
Hence, we can resolve the minimum value of Hamiltonian function in (53). Since H is a quadratic function of u(t), the minimum value of H is obtained at the stationary point or at the start point or end point. We first compute the stationary point of Hamiltonian H by
By resolving ∂H /∂u(t) = 0, we can obtain
Therefore, the optimal control under the objective function (31) 
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2) Secondly, we assume that π (t) = 0, the Hamiltonian function in (39) can be rewritten as
The stationary point of Hamiltonian H in (58) can be computed by
Thus, let ∂H /∂u(t) = 0,we can obtain
Intuitively, when the energy reserved for transmission during time window [0, T ] is sufficient, mobile users will use large transmission rate to deliver information for reducing delay.
VI. PERFORMANCE EVALUATION A. EXPERIMENT SETUP
In this section, we carry out simulations to verify the proposed model. S(t) is used as a metric to show the average number of nodes that have received information at time t. S(t) represents the efficiency of an information spreading scheme in the network in terms of how widely the information is propagated. We assume that the unit time of the simulation is 0.01 hour. As existing studies have shown that the average inter-meet time between two individuals is around 5 hours [15] , we choose λ = 0.002. We do the experiment with a social graph taken from the real trace by logs of an MSN, which is developed by the network center of the university based on XMPP protocol. The real trace for our experiment was taken during the period from Aug. 26 2013 to Sept. 2 2013. The MSN-based social graph is constructed by this real trace, where two users are socially related if they have at least one communication in the trace. Through the analysis of social graph in Matlab, we found that N = 802, E = 1222, and m = 1, which are the basic parameters of the social graph. For the presented scheme, based on [37] and [38] , the parameters are concluded in Table 1 .
B. NUMERICAL RESULTS
We evaluate the effects of different social relationships on the information spreading with the presented model. In the experiment, the variation range of the delivery probability of each relationship is set to be the same. In addition, four experiment times are chosen for comparison, which are T = 5000, 6000, 7000, 8000, 9000, respectively. 2 is the effect of p 1 on the information spreading process. The probability p 1 is changed from 0.6 to 1 to show the evolution of the number of spreading users. From Fig. 2 , we can see that the value of S(T ) changes faster with the variation of delivery probability when the time is smaller. The reason is that more users can receive the information at last where delivery probability can be ignored when the experiment time is larger. 3 shows the effect of p 2 on the information spreading process. In Fig. 3 , the x-axis is the probability p 2 and the Q. Xu et al.: Optimal Control Theory-Based Epidemic Information Spreading Scheme for Mobile Social Users y-axis is the number of spreading users over time. From  Fig. 3 , it can be obtained that the probability p 2 has the larger effect on the information spreading with the shorter time window. Specifically, when terminal T is larger than 8000, the number of spreading users is nearly not changed over the variation of probability p 2 . From  Fig. 4 , we can also obtain the similar result that the spreading probability pays more attention to the spreading process with shorter time window. The reason is that most of people always can receive information from others when the time window is short. When the time interval for the experiment is larger, a large number of mobile users becomes spreading users. 5 studies the effect of probability p 4 during the information spreading process in networks. Here, p 5 is varied from 0 to 0.5 and the number of spreading users is used to show the effect on spreading process. From Fig. 5 , It can be observed that the probability can promote the spreading users. Especially, if the time window is short, the spreading users have been significantly affected by probability. From  Fig. 2 to Fig. 5 , it can be known that the geographical relationship has the greatest influence. The second is the blood relationship and the last two ones are work relationship and interest relationship. In Fig. 3 , when T = 5000, the value of S(T ) is changed about 160, while it is changed about 120 in Fig. 2 . And there is only 30 in both Fig. 3 and Fig. 4 . In the MSN, the users often communicate with their geographical neighbor, where there exists a higher delivery probability than work and interest relationship. In addition, each user also has interaction with its blood neighbor with a very high delivery probability. However, the users share information with their work or interest neighbors occasionally. 6 shows the evolution of the number of spreading users over time when the energy consumption parameter is changed. Here, the time is varied from 0 to 4000 to show the change of the number of spreading users. We adopt four energy consumption parameters for comparison. In Fig. 6 , the number of spreading users increases over time. When the energy consumption parameter is low, the growth rate of the number of spreading users is large. The low value induces a low energy consumption. Therefore, mobile users try their bests to deliver information with each other when the consumed energy for transmission information is low. Fig. 7 shows the optimal transmission rate over time with different energy consumption parameters. The time is from 0 to 4000 to show the optimal transmission rate when four different parameters are used for comparison. It can be obtained that the optimal transmission rate decreases over time. Mobile users do their bests to deliver information at beginning, and meanwhile the consumed energy is temporarily low. With the increase of the total consumed energy, mobile users adjust transmission rate to be low for reducing the rate of consumed energy. The optimal transmission rate can be obtained with low energy consumption. Since the high parameter of energy consumption causes high energy consumption, mobile users may select low transmission rate as the optimal decision to save energy. The accumulation of consumed energy is used to evaluate the performance where the time is varied from 0 to 4000. With a high parameter of energy consumption, the accumulation of consumed energy is low. It is because mobile users pay more attentions to save the energy consumption when the parameter of energy consumption is high. Fig. 9 is the comparison of the proposed scheme with two conventional schemes which are the random scheme and fixed scheme, respectively. The random scheme is that the transmission rate is randomly selected. The fixed scheme is that the optimal rate is fixed during the time window. From  Fig. 9 , it can be seen that the proposed scheme outperforms others, where the total consume energy is the lowest during time window. The reason is that the tradeoff the energy consumption and transmission delay can be optimized in the proposal with the lowest consumed energy.
From the above experiments, we can conclude that different social relationships have different effects on the information spreading process and the strong relationship can promote information delivery. In addition, both the optimal transmission rate and the consumed energy have negative correlations with energy consumption parameter. Compared to the conventional schemes, the proposed scheme can obtain the lowest energy consumption during the information transmission.
VII. CONCLUSIONS
In this paper, firstly, we have presented an analytical model for modeling and understanding the dynamic information spreading in MSNs. Social relationships are divided into four types: blood relationship, geographical relationship, work relationship, and interest relationship. Secondly, an optimal control theory based epidemic information spreading scheme is designed to optimize the tradeoff between transmission delay and energy consumption. The experiments have been carried out with an MSN constructed by the real trace. Numerical results show that the different social relationships have different effects on the information spreading in the MSNs. And the presented scheme outperforms to other conventional schemes.
About the future work, we will employ the multiple social relationships to design the efficient content distribution scheme.
APPENDIX
A. PROOF OF THEOREM 1
Based on [39] , the optimal control problem of the system satisfies the following conditions: 1) Both the set of control variable functions and the set of system states are not empty.
2) The set of control variable functions is closed and convex .
3) The right sides of state equations are linear functions of u and these functions are continuous bounded. (30) is a convex function on . With introduction of a Lagrange multiplier γ , the objective function can be rewritten as
4) The functional L(s(k, t), u(t)) in
J (u(t)) = ϕ(s(k, T )) + T 0
L(s(k, t), u(t))dt
+ γ · (E(T ) − C).
(62) ϕ = ϕ(s(k, T )) + γ · (E(T ) − C).
(63)
According to KKT conditions, we can obtain
Therefore, we have
